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1. INTRODUCTION

When designing adhesively bonded fibre composite repairs for metallic or comn-
pwsite structutes, two of the main design reqt1lrements ate:

(a) the adhesive bond mutt not fail

(b) the composite repair, often referred to as a patch [1], must not delaminate.
These failure modes involve matrix dominated failures and require a consistent and
ialid failure criterion for use in the design phase of any repair.

A similar situation occurs in the compressive failure of impact damaged larui-
nates. This failure process is often matrix dominated [&] and has received consid-
erable attention in recent years. A review of the current status of bonded repairs
and the testing and analysis methodologies for impact damaged laminates is given

in [3,4] respectively.

The ;!!rpose of this present paper is to outline the main approaches currently
used for the analysis of matrix dominated failures and, where possible, to explain
the relationship between them.

2. FAILURE THEORIES

There are a large number of failure theories presently used to characterize the
matrix controlled failure of composites and adhesives. The theories that will be
discussed in the present paper are,

(1) the tensor polynomial failure criteria, i.e. Tsai - Hill and Tsai - Wu,
(2) the energy density failure hypothesis, and
(3) the energy release rate approach.
The first two approaches differ from the latter in that they involve the stresses,

and/or strains, evaluated at a characteristic distance rr in front of the stress concen-
trator. The energy release rate approach does not involve a length scale, which is
a material parameter, but instead requires a series of additional tests to deternmine
the mode I, 11 r.nd III energy release rates.

2.1 The Tensor Polynomial Failure Criteria

In recent years numerous fornm of the polynontial failure criteria have been
proposed. The inost generally accepted of these can be (xpressed in the form

4 F1i + Fijari (+)

where Fi, Fij and Fijk are the constant. which must he experimentally determined,

VWhen a body contains a stress concentrator, such as n matrix crack, then \Vt [I]
stated that this failure criterion should not be evaluated at t lie stress concentrator
but. at a distance rc from it. Indeed it was shown that ', is a material constant
which can be obtained experimentally.

In the case of the matrix donminated failure of a fibre conpc"site laniinale Hahn
and Tsai (7] subsequently proposed that the failure criterion

Fivi + Fij aierj I (i =2,..... 6) (2)



replaces equation (1). The main difference here lies in the neglect of the contribution
of the fibre itresses, i.e. at. Equation (2) is still evaluated mt a distance rc from a
stress concentrator.

This theory has been successfully used by many reseachers and has been applied
to the problem of delamination [81 as well as to the fracture of centre-notched panels
[5].

If the problem under consideration does not involve shear stresses then equation
(I) reduces to

F2el + F2.eil.. = 1 (3)

which is similar to the point stress failure criterion [9] and which has been extensively
used to characterize matrix dominated failure [10,11,12]. In references using the
point stress formulation the term r, is often denoted as d..

For a general problem it is necessary to determine the failure location as well as
the failure load. One method for locating the point of failure initiation was proposed
by Wu [5]. This approach considers both the strength vector F to the failure surface,
as given by equation (1), and the stress vector S where,

ISI= (=,ujoi), (5)

Failure is then said to occur at the location where

Sr,... = r, (6)

Details of this hypothesis are given in [5].
When the material is isotropic the strength function F reduces to the modified

von Mises yield criterion

We = AdV + B (7)

where Wd is the distortional energy, A and B are constants and dV is the change in
volume per unit volume i.e.,

d' = (a• + a2 + ea)/3K (8)

where K is the bulk modulus. This form of the yield criterion has b,en widely used
for the analysis of polymers and adhesives [13,14].

2.2 Energy Density Theory

The concept of a critical energy dens.ity has. hbee extel'ively ulsed il tihe design
and failure analysis of composites and adhesivel." bondi-d repairs. Applications of
this theory range from

(a) fatigue life evaluation of damaged laninates [15]
(b) evaluation of the effects of combined mechanical and enmfrom-atal loads on

hole elongation aid subsequent failure [16]
(c) estimating the residual strength of imlkct damaged laminates [17,18] and

laminates containing edge delanminations [19]
(d) characterizing the fracture behaviour of fibre composite lauiinates [20.21,22].
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It haas aso been used to design 6dhMavely bonded repairs for cracked metallic com-
ponents (231 and was used to design a boron/epoxy reinforcement to the wing pivot
fitting oi F-I Iaircraft in service with the Royal Australian AirForce [24]

This theory also invoves a &!ength scale rc and states tbat, for matriy dominated
failures, failure initiates in the direction 4o which, at r = r., coincides with th,-
local minimum of the energy in the matrix, defined as W.. Failure occurs when this
value reschls a critical value We. Mathematically this can be written as

W,- W Oat e = 0',r= r, (9)

where W. is given by

W. = 1/2u-,Eo,', - (11)

where W1 is the energy in the fibres. When applying this hypothesis to the failure
of adhesively bonded joints W1 is considered to be zero.

As in the tensor polynomial failure criterion this approach involves
(1) the use of a characteristic dimension r,
(2) the neglect of the contribution due to the fibres.
Now consider the failure of a centre notched panel where the fibres are parallel

to the direction of the crack. It follows from the solution to this problem [2,9 that
the value of rc used ;n the energy density theory is related to that used in the tensor
failure theory, which we will denote as r', by the expression

rc= ( - Y.2/E?..Ell)'3 (12)

This allows the test methodologies developed for the measurement of r' to be used
to evaluate r,. AG a first estimate it is often convenient to use r -= r'.

The critical energy WI is a function of dV and the level of local constraint, where

V , I" M13 1I I V?3 1 U3 I1 3d ) (13)

This dependence is shown in Table 2 where the strengths and moduli used are taken
from Tsai [26] and are given in Table 1.

"able 1: COMPOSITE PRCPERTIES

NMATERIAL E,, E,, ,) (I,' 1"F,/.,

1 T300/5208 181 10.3 0.28 .IT 1.44
2 B4/5502 204 18.5 0.23 5.59 3.31
3 AS/3501 138 8.96 0.3 7.1 1.26

Note: values in Table are in GP&



Table 2:l DSSIGN ALLOWASL3CS - ORTHOTROPIC APPROACH

TENSION COMPRESSION SHEAR

MATERIAL u, W dV' a,, W dV' u W d"
MN& MPa MN MNa MPG, MP& MN MPa2 MPa

1 40 800 27.4 248 30258 -168 68 3329 0
2 61 1860 41.4 202 20402 -137.2 67 7429 0

wh3e 6IJ l635. 206 21218 -140.2 93 5449 0 n

Note: V'23 is taken as 0.3

same behaviour. Figure 2 shows the critical available energy density for the three
composite materials considered in Table 1.

As mentioned in section 2.1, the Tsai - Hill theory is based on a particular ge~n-
eralization of the modified von Mises criterion for isotropic material. An alternative
approach, for isotropic materials, is to add the energy due to a change in volume,
denoted by W~, to both sides of equation (7) and then noting that

W, EdV (4
6(1 - 2Y')(4

and that the total energy dcnsity It' WtrV + !V,, we obtain an alternative form of
the miodified von Mises yield criterion, viz:

W = AVY + B + Edl'2/6(1 - 2Y) = F(dV) (15)

For any given material the function F(dV) should be experimentally determined.
This equation has been used in [241 to design bonded repairs to damnaged mnetallic
components.

If we replact F(dV) by It', we see that both eqrations (I) itnd (V;) represent
possible alternative extansions of 4he modified von Nfises yield criterion.

The concept of a% critical ýnergy density formns thw basis for anot her approach to
the design of adhftively b-ondedl joints, see [ 13;j. In ttis approachI the t rue st res.s -

strain curve is replaced by a simpler curve with a constant pis~t yield slope. Th'lis
idealized curve is chosen to have the samne energy density a-; the true stress - strain
curve. It is also assumed that, for a symmtetric joint, the only stresses in thle adhesive
are shear stresses. These approximnations allow a closed form analyticatl solution to
be obtained. In this approach the shear strain in the a-Iheuive is chosen as the critical
design variable. However, because of the choice of the idealized stress - strain curve
there is a one to ore relationship between shear strain and energy density.

4
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For mode I self dromlar crack growth of a through crack In an isotropic body in
the absencv of body forces Atluri [27] showed that the e.nergy release rate G can be
written as,

w ritten onG = U rn [W n - t , !d(16 
)

where ni is the component of the unit normal to the path in the z, direction, t, is the
trtction tensor defined as ti - n"jij, W is the strain energy, vi is the displacemnent
tensor and. r, is a vanishing small path surroundi.g the crack tip.

It has also been shown [2T] that for a 1neral problem *%is integral will not equal
the value of G obtained from the movement of i!()d points method, i.e.,

a # (17)

where P is the applied load, C = 6/P, I is the movement of the load points, a is
the crack length and B is the thickness of the structure.

This formulation was extended to composite materials by Jones [28]. In this
case G is given by the same exprssion as in (16) with W replaced by the energy
density for a composite material, i.e.,

I
W = ie&,C.Ukteq~ - &-jejj(T - To) - Oi.,ej(M - Mo) + C1 (7', M) (18)

where M -s the mass flux of moisture per unit volumne, A-i and #.4 are the coefficients
related to the thermal and moisture expansion coefficients of the body respectively,
To and MO are the reference tempeature and moisture content respectively, Cujki is
the stiffness tensor and C1 is j- function of the temperature and moisture.

This formulation assumes that the terms in the integrand which are functions
of temperature and moiL.ure alone integrate to zero. As shown in [29] the existence
of body forces, which for matrix dominated problems arise due to closure [301, again
result in compliance measurements giving inappropiate measurements of G.

In three dimensions the integral on the right-hand side of equation (16) no
longer equals G and is referred to as Tk, see [27]. Approaches based on energy
release rate considerations have been widely used in characterizing matrix failure
[31,32,8,30]. However, us mentioned above, it must be emphasized that complisace
measurements do not always characterize near-tip behaviour. This is particularly
true in the case of combined me.chanical and enviromental loading, see [28,33]. In
this case the equation governing the coupling between mechanical deformation and
thermal energy is given by,

-hi., + PliM = pC,,T - (r,,-e - - W(&-(T - T0)) - by-i*(M -- Mo)))TPj(19)

where A, is the heat flux teasor, q is the heat absorbed w.en I gram of moisture
is absoibed Dy 1 gram of material and p is the density, see (28]. Experimental
confirmation of this formulattion is given by Wong [34] for the special case when the

I
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materfal is isotropic. if the mnaterlal is cyclically stresmed at a frequency such that
adiabatic conditions hold then

p'.iI " j- -f - ±C,4l - To)) - .o•( 1 - ,)))7, (20)

Let us now consider a bar subjected to unlaxial strain,

fli-At sintt - 0 if i,j 2 1,21)

substituting into (20) gives,

Pqk - PC,"t = (J,,;.AcosW1 + 1esin2,,1)T (22)
2 OT

and integrating with respect to t we obtan:

p9AM - pCýiT - (0 esinwt - iEn A2(I - cos2wi))To (23)

This shows that although ahe load is %pplied at a single frequency w the temper-
ature and moisture fields have a response at both w and 2w and that the amplitude
of the response at frequency 2w ih proportional to the square of the local strain.
Hence for a problem involving enviromental effects the load point behaviour, which
ornly reflects the behaviour at the applied frequency w, cannot provide information
on the component of the near-tip field which is responding at a frequency of 2w.
Furthermore the near-tip component has an amplitude proportional to At' and can
thus be expected to be very large. Near the tip the large strain field, theoretically
infinite, means that adiabatic conditions are never realised -w that the fatigue be-
haviour will depend on test frequency. Y.ndeed this has been confirmed bj, a series
of recent laboratory tests [:15].

The e.xistence oa" a response in the temperature field at frequencies w and 2w has
been confirmed experimentally in (36] using thermal emission techniques.

It must be stressed that energy release rate approaches are best used when
growth is co-planar and self-similar. In other circumstarnces they must be used with
caution [28,37]. An alternative approach, which is related to the energy release rtate
method, was suggested by Watanabe [38]. This method uses the first term in the
expression for 7", which we will define as Wg, to ch~racterise the damage, viz:

W, = limf Wdy (24)-. 0 Jr.

This formulation has not, as yet, been widely used but when applied to the failure
of a damaged fastener hole under both thermal and mecharical loads appeared to
correlate with the observed failure load, see [28]. The parameter We coincides with
7"' if the delamination has a blunt tip. Further work is required mefore this can be
considered a valid fracture parameter.

A detailed review of current energy release rate test methodologies is given in
[2], whilst certain problem areas arising when using energy release rate approaches
are highlighted in [37].

6



It is interesting to Woe that the point stress and ovare.qg st•re" criteria can al.so
be used to olAain estimates of the energy release rat' ovsning either thoulle cauttihm-er
or centre-noitchel tet specimens, s [10, I11. The %aluerq of G, tbhtainmd l lhisq way
tend to be higher than thawe obtained from cominpliance S1esurements. see [2,10).

It Is well known that Ir metals the critidAl srte intensity factor K, is mtrongly
dependent on the level of local restraint. Indeed recent tests at the University of
Melbourne [39) have shown that AK for A 6inmn thick 2024 TO aluniniumn alloy is ap-
proximately 52 MPa,/'m whilst its plane strai-, ,-ue is approximately 30 NI Pr i/iis.
This corresponds to an eight fold inerrase in G,. However. this effet is often over-
looked for composites. Siminlrly in a structure the leve of rest raint is. varihte and
that experienced by an edie delamination nay be quit. different toI that exlvriencedl
by a dehlmination surround, nga fastener or a joint. It is lear that a met htilology
is required to quantify this level of restraint. One such methodology bused on the
local change of surfa•e and volume energies is presented in [40].

In the ease of a crack lying entirely within tn adhesive layer the energy release
rate G can be related to the energy density W by,

G= 2(1 - Y) (25)(I- 2P))

However, as seen in section 2.2, the critical value cf W may be dependent on
dV. This infers that G, may be a function of dV. In the case of a delamination in 'I
composite it is well known that G2, is much larger than Gl,,, see [2]. It is therefore
tempting to conjecture that,

dV dV

where dV1 is the value of dV, at r = r,, which occurs when G, -' Gle. However, this
expression lacks a physical basis and its usefullness in describing mode III failure
is questionable. To date the majority of methods used to determine Gý for mixed
mode failure are empirical and require a knowledge of the individual mode 1, 11 and
III energy release rates as well as their respective failure energies.

3. MATERIAL NONLINEARITIES

In the previous sections it has been assumed that, up to failure, the material is
behaving elastically. However a recent ir.vestiwfation indicated that, prior to fai!ure,
there was significant dissipated energy [41]. To confirm this a series of tests was
performed on a 56-ply XAS-914C IWdnate with a ply configu-ation of [*45/02]?..
Six specimens with dimensions Ppproximately 315 by 6.0 by 4.8 mm were prepared
and loaded in an 500 kN Inst:on testing machine at a loading rate of 600 kN/sec.
This rate of loading was chA.en in an attempt to achieve adiabatic conditions.

For each specimen the temperature of a centrally located point on the sur-
face of the specimen was measured using an infrared detector. A typical non-
dimensionalized temperature response is shown in Figure 3. In each cas failure
of the specimen cA-d not occur near the point at which the temperature was mea-
sured. Details ci the test methodology are given in [421.

From Fig.Are 3 it is seen that the measured temperature response is simila.- to
that for mr.als [43]. There is sn initial cooling during the linear regime, which for

T 1



metals is decrtibed by Kelvin's law, followed by extensiv heating. Tho amntmnt of K
heating is a diret mwasure of the dissipated energy, and as such supporls the reaults

Asse mult of this investigation it Is cleaw that fuuther work is nece ary inor-ler

to understand the role of dissipated eneqrgy in the falure prives•,.

4. CONCLUSION

This paper has outiined several methodsearvently used for analysis of the ltnt rix
dominated failure In composite nmaterial an adhesivty hankdedl joints. Particular
attention has been givea to the relationship between these approaches.

Attention has also been tocused on the role of dissipated ener)v in the failure
process. This is a topic which Is not, an yet, fully understood and willI the atvent
of more ouctile matrix n~aterials requires geater uttention.
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